This paper studies continuation methods for nding isolated zeros of nonlinear functions.
1 function F, a necessary condition for the existence of a nondegenerate C 1 threading homotopy is that the topological degree of F(x) be 1, 0 or ?1. For C 2 mappings in all dimensions except possibly n = 2 this condition is also a su cient condition for existence of a C 2 threading homotopy which is weakly proper over 0. A homotopy H is weakly proper over 0 if for every interval a; b] the set H ?1 (0) \ (R n a; b]) is compact. This condition rules out any part of the zero set escaping to in nity at a nite value of the homotopy parameter.
Threading homotopies are potentially applicable in continuation methods for nding all dc operating points of nonlinear circuits. We show that most transistor circuits have dc operating point equations F(x) = 0 with deg(F) = 1, so that threading homotopies exist in principle for such operating point equations. It remains an open problem to explicitly construct such threading homotopies.
Introduction
This paper studies continuation methods to nd all zeros of a nonlinear function F : R n !R n which has a nite number of isolated zeros. The continuation approach to nding zeros is to nd a function H(x; ) : R n R!R n such that H(x; 0) F(x) while H(x; 1) G(x) is a function with known zeros, the zero set ?(H) = f(x; ) : H(x; ) = 0g (1.1) is a union of curves (1-dimensional components), and these curves can be individually traced from the known zero set ? 1 = fx : H(x; 1) = 0g to nd all solutions ? 0 of F(x). The function H(x; ) is called a homotopy, and a homotopy path is a path (x(t); (t)) for t 2 0; 1] on which H(x; ) = 0. One method to nd all the zeros is to choose a homotopy H(x; ) such that each zero of F(x) is on a separate connected component of the zero set of H(x; ), and separate homotopy paths are followed to nd each zero of F(x), see for example Allgower 21] . This has the advantage of permitting parallel computation to nd di erent zeros. This approach has been proposed in particular to nd complex zeros of univariate polynomials F(z), see Kojima et al. 33] .
In this paper we study the opposite extreme, which are homotopies H(x; ) : R n+1 !R n with H(x; 0) F(x), such that the zero set of H(x; ) is a single connected curve. We call a homotopy with this property a threading homotopy for F, because the zeros of F(x) are threaded along a single curve in the zero set of H(x; ), which passes back and forth through the hyperplane = 0. More generally we consider semi-threading homotopies, which are homotopies H in which all zeros of F(x) are on a single connected component of the zero set ?(H) of H, but ?(H) may contain other connected components. Using a semi-threading homotopy all zeros of F(x) can be located by tracing a single curve.
This study of threading homotopies is motivated by the problem of numerically computing all dc-operating points of nonlinear resistive circuits, e.g. circuits with transistors. A dc operating point 1 for a nonlinear resistive circuit is any solution of a given system of network equations F(x) = 0 for the circuit. The detection of multiple operating points is of considerable practical concern in circuit simulation, because some solutions of the network equations may represent unintended pathological modes of operation, so that the circuit may fail in the eld. To avoid this, one would like to detect all possible operating points during the circuit-design phase, or at least alert the designer to the presence of more than one operating point, before a decision is made to fabricate an integrated circuit. Existing circuit simulators do not guarantee to nd all operating points, and there is now considerable interest in developing methods that will nd all operating points, cf. Mathis . The use of continuation methods to nd individual operating points has a long history, see Chao and Saeks 6] . However the problem of developing continuation methods guaranteed to nd all operating points has received relatively little study.
The idea of nding several zeros of F(x) along one curve was made in the early 1970's in Branin 5] and Chua and Ushida 12] . In some of their examples, there are zeros of F(x) on several connected components of ?(H). It is natural in pursuing this approach to try to get all zeros 1 Some authors use the term dc equilibrium point for a solution to the network equations F(x) = 0, and reserve the term dc operating point for a linearly stable equilibrium point. We call the latter a stable dc operating point, as in Green 24] Weakly Proper Threading Homotopy Problem. Let F : R n !R n be a C r -function (1 r 1) having a nite set of isolated zeros. Construct if possible a C r -homotopy H(x; ) : R n R!R n ; with (i). H(x; 0) F(x).
(ii). Nondegeneracy Condition. The Jacobian DH(x; ) has rank n whenever H(x; ) = 0. The condition (ii) implies that the zero curves f(x; ) : H(x; ) = 0g have no bifurcations, and with condition (iii) this implies that the set H(x; ) = 0 is a single curve containing all the zeros of F(x). As mentioned above, condition (iv) prevents the zero set from escaping to in nity at any nite value of . The conditions (ii){(iv) lead to two cases; pictured in We are particularly interested in case (a). There, H(x; ) = 0 for large xed 0 has a single zero x 0 , which one can use as the starting point for a homotopy method to nd all zeros.
In x2 we present necessary conditions and su cient conditions for existence of threading homotopies. It is clear that, given a nite set of isolated points in R n+1 , one can always construct a smooth curve in R n+1 passing through these points. However it is sometimes impossible to extend a map F : R n !R n to a weakly proper threading homotopy H : R n+1 !R n . , whenever p(z) is nonlinear. (Corollary 2.1). We show for mappings F that are C r (2 r 1) with a nite set of isolated nondegenerate zeros that the condition deg(F) = 0, or 1 is necessary and su cient for C r weakly proper threading homotopies to exist, in all dimensions except possibly dimension n = 2. (Theorem 2.2). We then show for mappings F that are C r (1 r 1) with a nite set of isolated nondegenerate zeros that the condition deg(F) = 0 or 1 is necessary and su cient for the existence of a weakly proper C r semi-threading homotopy, in all dimensions n 1.
(Theorem 2.3).
To design threading homotopies, it is clearly useful to have criteria which verify that the threading property holds. Diener 16] gives a (somewhat restrictive) set of global conditions on a C 2 -function H : R n+1 !R n which guarantee that it has the threading property. Diener's condition is that there exists some positive K such that supfjj(DH(x)DH(x) T ) ?1 jj : x 2 R n+1 g K < 1 ; (1.2) where the Frobenius norm jjMjj for the matrix M is jjMjj 2 = P i;j M 2 ij . He proves that, when (1.2) holds, the Newton's method ow gives a retraction of R n+1 onto the set ?(H), thus establishing that ?(H) is a connected set.
In x3 we return to our motivating problem, which concerns the possible existence of threading homotopies to nd dc operating points of nonlinear circuits. We present theoretical results which indicate that threading homotopies exist for a large class of nonlinear circuits, without exhibiting such homotopies explicitly. More precisely, we show that a large class of circuits can be modelled so as to have operating point equations F(x) = 0 with deg(F) = 1. Results showing that deg(F) = 1 for some classes of circuits were already obtained in the 1970's in work of Wu 52] and Chua and Wang 13], and we describe one such result (Theorem 3.1). This result already applies to a large class of circuits of practical interest. Our main new result of section 3 is a result implying that deg(F) = 1 for operating point equations of circuits in SandbergWillson form with nonlinear elements satisfying a suitable passivity condition (Theorem 3.2). This condition is quite general. It applies to circuits using bipolar junction transistors, and may well hold for all other transistor types. In any case it appears that most if not all transistor models can be easily modi ed outside the \physically relevant" parameter range to satisfy this passivity property. The resulting operating point equations then detect all the \physically relevant" operating points. We thus can construct operating point equations for which threading homotopies exist in principle; it remains an open problem to explicitly construct such homotopies. At the end of x3 we brie y sketch a class of \circuit deformation" homotopies, some of which have been used in circuit simulators (see 35], 43]). These homotopies satisfy a \no-gain" condition which insures properness of the homotopy, as observed in 36], 42]. It may well be that a subclass of these homotopies have the threading property.
The problem of explicitly constructing threading homotopies to nd dc operating points seems to warrant further investigation, in view of the lack of reasonable alternative methods to nd multiple dc operating points for nonlinear circuits. We are not aware of any existing method that can specify in advance the number of operating points of a given circuit, and this seems to rule out approaches that follow distinct paths to nd each zero separately. Other zero-nding methods that proceed by a grid search to nd zeros would be prohibitively slow due to the very large dimensionality of the search space for any reasonable sized circuit. Various algorithms have been given to nd all operating points for piecewise linear models of circuits, see Chua 
Existence of Threading Homotopies
We derive necessary conditions and su cient conditions for the existence of threading homotopies. The basic invariant used is the topological degree of a mapping. Let F : R n !R n be continuous and suppose that F is proper over 0, i.e. that the zero set ?(F) is compact. If ?(F) B(0; T) = fx : jjxjj < Tg, and S n?1 = fx : jjxjj = 1g then for R > T the map F induces a mapping F;R : S n?1 !S n?1 given by F;R (x) = F(Rx) jjF(Rx)jj for x 2 S n?1 : The homotopy class of F;R (x) in the homotopy group n?1 (S n?1 ) = Z is independent of R > T and is called the degree of F, denoted deg(F). We identify n?1 (S n?1 ) with Z, using the isomorphism in which the degree of the identity map is 1, and henceforth view deg(F) as an integer. H(x; ) = 2 arctan(x) ? ; where \escape to in nity" occurs, and deg(F 0 ) 6 = deg(F 1 ).
We give a necessary condition for the existence of a semi-threading homotopy. Call a C 1 homotopy H nondegenerate if its Jacobian DH(x; ) has full rank n at every zero of H(x; ).
Theorem 2.1. Suppose that the zero set of a C 1 -mapping F : R n !R n consists of a nite number of isolated nondegenerate zeros. If the C 1 -function H(x; ) : R n+1 !R n is a nondegenerate semi-threading homotopy extending F(x), then the degree of F is 1, 0 or ?1.
The simple proof of this result is based on the following well-known fact, which concerns the index of successive zeros encountered in following a continuation method path having no bifurcations. It is essentially 5.1.1 in Hirsch 28] , who however assumes all functions are C 1 , see also 3], Corollary 11.5.6. We include a proof for the reader's convenience.
Lemma 2.1. Suppose that the C 1 -mapping F : R n !R n has a nite zero set with all zeros nondegenerate. If H(x; ) : R n+1 !R n is a C 1 -function with H(x; 0) = F(x) and the Jacobian DH(x; ) has full rank n at every zero of H, then any two consecutive zeros x 0 ; x 00 of F( x) found by traversing a solution curve (x(t); (t)) of H(x; ) = 0 have opposite index, i.e. det(DF(x 0 )) det(DF(x 00 )) < 0 : (2.2) Proof. By the implicit function theorem (x(t); (t)) is locally de ned and C 1 in a neighborhood of every zero (x 0 ; 0 ) of H(x; ). When traversing the curve (x(t); (t)), in the zero set ?(H) from x 0 to x 00 , the augmented gradient of H is: J := Proof of Theorem 2.1. Suppose that x 1 ; x 2 ; : : :; x m are the zeros of F(x) in the order they are encountered when traversing, in a xed direction, the curve f(x(t); mappings in dimensions n 6 = 2. For this we introduce a condition stronger than \weakly proper over 0." Call a function H(x; ) R-proper over 0 if there is a compact set B R n such that H ?1 (0) B R. This is \weakly proper over 0" with an additional uniformity condition in the R-direction. Theorem 2.2. For any n 6 = 2, let F : R n !R n be a C r -mapping (2 r 1) whose zero set consists of a nite number of isolated nondegenerate zeros. If deg(F) is 1; 0 or ?1 then there exists a nondegenerate threading homotopy H(x; ) : R n+1 !R n for F, such that H is a C r mapping which is R-proper over 0.
We do not know if Theorem 2.2 is true when n = 2.
The main part of the proof is:
Lemma 2.2. Suppose that n 3 and that F : R n ! R n is a C r -mapping (2 r 1) which has exactly two zeros x = ( 1; 0; : : :0) with ind mappings in all dimensions n 1. We include this result because it is the best we can do when n = 2, and, while it obtains a weaker conclusion than Theorem 2.2, it has a more elementary proof. (ii). All other components of the zero set of H(x; ) are closed loops on which 0 < j j < 1. Proof. The necessary degree condition was already shown to be su cient in dimension 1, see (2.4). For n 2 we use an approach which starts from the proof of Lemma 5.2.9 of Hirsch 28] . That lemma essentially shows that given two zeros of degree 1 and ?1 respectively, together with an arc connecting them, and a tubular neighborhood U 2 of the arc, then there is a continuous function G agreeing with F outside U 2 which has no zeros in U 2 . That lemma is stated for C 1 maps, but the cited proof, and all other proofs cited below, go through without change for C r maps, with r 1. There is a relative transversality theorem, stated as \Corollary" on p. 73 of Guillemin and
Pollack 27], which says that Jj @M can be extended to a mapJ : M!R n which is transverse to f0g. ExtendJ to R n R so as to be C r and agree with J outside M. Then 
DC Operating Points of Nonlinear Resistive Circuits
The theory of dc operating points of transistor circuits is surveyed in Trajkovi c and Willson 44] and, for work before 1974, in Willson 48] . In this section we make the theoretical observation that threading homotopy methods potentially apply to the dc operating point problem by showing that most circuits can be modelled with operating point equations F(x) = 0 such that deg(F) = 1. It follows that there is no topological obstruction to the existence of threading homotopies for such equations, and they certainly exist whenever Theorem 2.2 applies, i.e. when F is C 2 ; see also Theorem 2.3. There is a long history of results on topological degree applied to nonlinear networks. These methods were developed to prove the existence of dc operating points, for which it su ces to prove that deg(F) is odd, see Chua and Wang 12, Property 7] . The original method of Wu 52] uses passivity properties of the circuits to prove deg(F) = 1, and we follow this approach here.
We consider nonlinear circuits made up of transistors and nonlinear diodes, and driven by active sources which are current sources or voltage sources. A nonlinear resistive network is passive We now present results which show that deg(F) = 1 for two large classes of circuit equations. One reasonably large class of transistor circuits has dc operating point equations that are of the formF (x) + Px = s ; (3.9) in whichF (x) is a vector of n functions of x describing the e ect of nonlinear elements of the circuit, assumed eventually passive (de ned below), the conductance matrix P is assumed positive de nite but not necessarily symmetric, and s is a constant describing the active sources in the circuit. Chua and Wang 13, theorem 2] prove the following result. Theorem 3.1. Let F : R n !R n be a function F(x) :=F(x) + Px ; (3.10) in which P is a positive de nite matrix andF (x) is eventually passive, that is, hx;F(x)i 0 for all jjxjj R : (3.12) i.e. F(x) is eventually strongly passive. Now deg(F c ) = 1 follows from (3.8) and Lemma 3.1.
Theorem 3.1 is readily applicable to a wide class of practical circuits. Consider for the moment voltage-controlled circuits using bipolar junction transistors. These circuits are modelled using variants of the Ebers-Moll transistor model as a two-port in the common base con guration, see Appendix A. The resulting circuit equation has the form (3.9) except that P is positive semide nite rather than positive de nite. Existing circuit simulators, such as SPICE, add small shunt conductances to the Ebers-Moll model, see for example 4, p.14, 44, 45] where the variable is denoted GMIN. These conductances are modelled as two resistors with resistances (GMIN) ?1 between the base and the other two nodes of the transistor. If these resistors are migrated to the linear part of the circuit, this will change the matrix P to P + diag(GMIN), which is positive de nite, and Theorem 3.1 applies. Green and Willson 26] give a detailed description of circuits satisfying Theorem 3.1.
We next prove a general result which applies to nonlinear circuits in the Sandberg- The linear part of the circuit has response Qi = P(v ? c) ; (3.14) in which (P; Q) are a passive pair of n n matrices, i.e. Qi = Pv implies hv; ii = v T i 0 ; (3.15) and c is a vector of constants representing independent sources. Any linear circuit consisting of positive linear resistors and independent voltage sources can be put in the form (3.14), as well as many linear circuits containing current sources, see Sandberg This set of equations is converted to circuit equations in Sandberg-Willson form by eliminating the current variables i, to obtain the nonlinear system of equations QF(v) + P(v ? c) = 0 : (3.16) We establish the following result.
Theorem 3.2. Let F : R n !R n be a C 1 -mapping and consider the mappingG : R n !R n given byG (x) := QF(x) + P(x ? c) ; (3.17) in which (P; Q) is a passive pair of n n matrices, and c is given. If there exists R > 0 such that F(x) satis es hx ? c; F(x)i > 0 for jjxjj > R ; (3.18) then deg(G) = 1.
Remark. The condition (3.18) is a passivity condition that is much less stringent than the eventually strong passivity condition (3.7). Note also that the form ofG(x) can apply to operating point equations using any set of controlling variables (hybrid variables) rather than voltages.
Proof. We rst study the 2n 2n system G = (G 1 ; G 2 ) given by (3.18) to hold. In this way we obtain modi ed operating point equations that detect all the \physically relevant" dc operating points. We propose such model modi cations purely as arti cial adjustments to the transistor model, but actual transistors exhibit breakdown behavior which is roughly equivalent to a passivity property like (3.18) .
The degree results show that for most circuits there exist in principle network equations having threading homotopies. It remains an open problem to nd explicit threading homotopies for particular classes of network equations.
One of the di culties in using homotopy methods in circuit simulators to nd all zeros is to force properness of the homotopy, to prevent zeros \escaping to in nity." Trajkovi c et al. 42] and Melville et al. 36] noted that this can be achieved for various circuits that have the \no-gain" property de ned in Willson 49] and Chua et al. 11] . A circuit has the no-gain property if for any set of attached independent sources (either voltage or current sources), the voltage di erence between any two nodes of the circuit does not exceed the absolute values of voltages across all the independent sources, and the current owing into any node does not exceed the sum of the magnitudes of currents owing through all the independent sources. In 49] it is shown that all connected networks composed of two-terminal and three-terminal nogain elements have the no-gain property, and that linear resistors, bipolar junction transistors and MOSFETS all have the no-gain property. Suppose that one can nd a homotopy H(x; ) for 0 1 with the two properties:
(i). H(x; ) = F (x), where each F (x) is the operating point equation for a circuit C that has the no-gain property, for 0 1.
(ii). H(x; 0) = F(x) and H(x; 1) = F 1 (x) corresponds to a circuit with a unique operating point.
The no-gain property of all circuits C then implies that the homotopy is proper. In this case it directly follows that deg(F) = 1 from the invariance of degree for proper homotopies, because deg F 0 (x)) = 1 by (ii). Such \no-gain" homotopies can often be found by varying the parameters of the circuit elements, as described in 36]. The particular usefulness of such \no-gain" homotopies is to give a priori bounds on a region containing all zeros of such homotopies, see Trajkovi c et al 42] . These bounds provide a simple error check on correctness of homotopy computations.
There is a natural class of candidate homotopies to consider for use in circuit simulators, which we may call sandwich homotopies, that may well include threading homotopies. These homotopies are constructed using circuit deformation homotopies fH(x; ) : 0 1g, which deform the circuit parameters of a no-gain circuit to obtain a circuit having a unique operating point. A sandwich homotopy consists of combining two circuit deformation homotopies which vary the circuit parameters in di erent ways, with one used on 0 1, and the other on ?1 0, and then we set H(x; ) H(x; 1) for 1, and H(x; ) = H(x; ?1) for ?1. Some care is needed to make such a homotopy C 2 at the boundary values = 1, 0 and ?1.
We describe one kind of circuit-deformation homotopy, following the approach of Melville et al. 36] , for circuits consisting of linear resistors and bipolar junction transistors. First, the coupling elements in the bipolar junction transistors, the forward and reverse gains, whose v ? i curves are eventually monotone, i.e. either f 0 (x) > 0 for jxj > R. The second part of the homotopy is to deform the voltage-current curves of the diodes to make them all monotone, by a C 2 -homotopy applied to each voltage-current curve on a bounded region. (The diode v ? i curves must satisfy some mild conditions for this to be possible. If f 0 (x) > 0 for jxj R then f(?R) < 0 < f(R) su ces.) The resulting circuit of strictly monotone diodes has a unique operating point, by a well-known result of Du n 14, Theorem 3]. One wants such homotopies H(x; ) to be bifurcation-free, i.e. for the rank n condition (iii) above to be satis ed. This can be done by allowing a space of small C 2 deformations around the homotopy described above, using the approach of Chow, Mallet-Paret and Yorke 7] . These homotopies certify that deg(F 0 ) = 1, because deg(F 1 ) = 1 by the result of Du n 18] and the homotopy can be shown to be proper using the no-gain condition.
Sandwich homotopies come with no guarantee of being threading homotopies. However they have successfully been used to nd more than one operating point, see Green 
